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Transmission Line Models for Negative Refractive
Index Media and Associated |mplementations
Without Excess Resonators

George V. Eleftheriades, Omar Siddiqui, and Ashwin K. lyer

Abstract—Recently, three-dimensional composite periodic
media comprising split-ring resonators (SRR) and thin wires
have been shown to exhibit a negative refractive index in the
frequency range around the SRR resonance. In this letter, we
propose transmission line models for studying and interpreting
the electromagnetic propagation behavior of such materials.
Based on these equivalent transmission line models, we show
that by periodically loading a network of transmission lines with
series capacitors and shunt inductors, a negative refractive index
medium can be synthesized without excessresonator s, thusleading
to wideband behavior. These proposed media have tailorable
properties over a broad frequency range. Moreover, they are
completely planar, frequency scalable, more compact, and easier
to implement for RF/microwave circuit applications than their
SRR/wire counter parts.

Index Terms—Artificial dielectrics, backward waves, focusing,
left-handed media (LHM), metamaterials, periodic structures.

I. INTRODUCTION

ECENTLY, synthesized artificial dielectric media (meta-

materials) have been demonstrated to exhibit negative
electric permittivity and magnetic permeability simultane-
ously over a certain range of frequencies. Consequently, the
refractive index of such metamaterials exhibits a negative
value in this frequency range. These materials have also been
termed left-handed media (LHM) because the electric field
E, the magnetic field H, and the propagation vector k& form a
left-handed triplet, in contrast to normal (right-handed) media
[1]6]. This kind of “left handedness’ can be interpreted in
terms of the ability of these mediato support propagating back-
ward waves [7], [8]. As predicted by Veselego [1], interesting
new phenomena may be observed when these materialsreact to
an incident electromagnetic field, such as reversed refraction,
backward Cherenkov radiation, reversed Doppler effect, as
well as near field focusing from homogenous slabs. In recent
experiments, such three-dimensional (3-D) media have been
constructed by using split-ring resonators (SRR) and thin wires
and successfully demonstrated reversed refraction [5]. These
SRR/wire media exhibit a negative refractive index around the
SRR resonance[ 2]{5].
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In this|etter, we present atransmission line model to analyze
and interpret the SRR/wire metamaterial. During the analysis, it
isshown that the SRR resonanceisnot anecessary condition for
achieving a negative refractive index. In fact, it is demonstrated
that two-dimensional (2-D) transmission-line networks can be
periodically loaded with series capacitors and shunt inductors
to obtain a negative refractive index. Such media support prop-
agating backward waves which makes them left handed, thus
exhibiting anegativerefractiveindex over awide bandwidth [7],

[8].

[l. TRANSMISSION LINE MODEL OF THE SRR/WIRE
METAMATERIAL

Transmission line modeling (TLM) can be employed to ex-
plain the electromagnetic propagation behavior in media [9].
Homogeneous, isotropic media can be represented in terms of
equivalent transmission line (TL) circuits. In such a TL circuit,
the electric permittivity (¢) and magnetic permeability (1) are
represented by the distributed series impedance (£’) and shunt
admittance (Y) per unit length respectively, according to

7' = jwp, Y = jwe. D

The effective propagation constant () is given by
vy =VZ'Y' = jw\ ue. 2

It should be pointed out from the onset that the treatment in
this paper is based on one-dimensional (1-D) models but thisis
not aserious limitation since the same discussion can be readily
extended to two or three dimensions.

Consider the effective medium theory for characterizing the
SRR/wire left-handed medium proposed by Pendry, Smith, and
colleagues [2], [3], [6]. The corresponding effective relative
electric permittivity (e.f¢) and magnetic permeability (zecrs)
of this composite medium are given by [3]

w32 Fuw?
eepr=1-—4 uefle—M—o_M ©)
where, f, = w, /2w isthe plasma frequency of the thin wire,
fo = w, /2w isthe resonant frequency of the SRR, I isafactor
that controls the bandwidth of the negative refractive index and
represents the fractional area occupied by the split-ring res-
onator in the unit cell, and I is the dissipation factor which is

determined by the conductor lossin the SRR.
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Fig. 1. Unit cell of the equivalent transmission line circuit of the SRR/wire
medium.

Fig. 1 shows the proposed TL circuit representing a unit cell
of length d for the SRR/wire medium as described by (3), where
d is small compared to the wavelength. The series branch cor-
responds to the SRR whereas the shunt branch represents the
thin wire. The unit cell parameters (series impedance Z and
shunt admittance ¥") can be trandated to their distributed coun-
terparts (2’ and Y’) by using the transformation: 2/ = Z/d and
Y’ = Y/d. Using (2), the propagation constant ~ of the trans-
mission line model can be written as

Jw
V=
[#
L,
. Ls _ m L}CT Csh _ 1

Nod wQ——L 1C — Rjué Eod 6OWQLShd )

4)

Here, ¢ = 1/./11,€,. The term under the square root corre-

sponds to the product of si.s¢ and e, sr. Comparing (4) with
(3), wefind that for the following values of the lumped element
values, the unit cell shown in Fig. 1 is analogous to that of the
SRR/wire medium

1
L, =p, s L. = (pto Fa r = ;
pod ol O = S ar
1 1
r = Sy 0 sh = €oll, Ls h = -
R re,. Con = eod ! wg(sod) ©)

As shown in Fig. 1, the unit cell of the proposed transmis-
sion line model for the SRR/wire medium consists of three res-
onators, two on the series branch and one on the shunt branch.
The series branch consists of two resonators. Thefirst resonator
isthe pardlel R,.L..C, onewhich has aresonant frequency of
fo- The second resonator is formed by the combination of the
paralel R, L,.C, resonator and the seriesinductor L, and it res-
onatesat f, = f,+/1 + F'. Onthe other hand, the shunt branch
is a parallel resonator L., C,; with resonance &t f,. The res-
onant frequencies of the SRR/wire medium and the remaining
parameters in (3) can now be defined in terms of the unit cell
parameters as follows:

J— J— 142
° " oL, "~ 9L, O, L,
1 L, 1
fo F= I'= (6)
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Fig. 2. Typical dispersion diagram for the transmission line model of the
SRR/wire medium (d = 1 cm).

Ill. TL ANALYSIS OF THE DISPERSION CHARACTERISTICS
OF THE SRR/WIRE MEDIUM

Fig. 2 shows a typical dispersion curve for the SRR/wire
medium. Here conductor lossesareignored (I' = 0 or R, = )
for simplicity. The medium exhibits passbands with a positive
refractive index when pie s and €. ¢ are simultaneously posi-
tive. Furthermore, it exhibits passbands with a negative refrac-
tive index when both . sy and e, ¢ are negative.

From the transmission-line perspective, the signs of the se-
ries and shunt reactances should be opposite. In other words, if
one isinductive the other should be capacitive to obtain a pass-
band. Below the cut-off frequency f,, of the parallel resonator
L,.C,., both the series and shunt branches are inductive. Hence
there is no propagation. Between f, and f;, the seriesbranch is
capacitive whereas the shunt branch isinductive. In thisregion,
energy propagation takes place by backward waves for which
the phase velocity is opposite to the energy velocity (or group
velocity). Alternatively, this is the region where the propaga-
tion % vector points in a direction opposite to the Poynting .S
vector. These propagating backward waves imply anegative re-
fractiveindex [7]. Moreover, above the cut-off frequency of the
second resonator f;, the series branch becomes inductive again
and hence the medium exhibits another stopband between f;,
and f,. Finaly, the shunt branch becomes capacitive above the
third cut-off frequency f,, of the shunt resonator L, C,, and
the transmission line exhibits a passband. However, since the
series branch is inductive and the shunt branch is capacitive,
phase and group vel ocities are both positive. Equivalently inthe
SRR/wire medium, k£ and S point to the same direction, thus
leading to a positive refractive index.

IV. LOADED LEFT-HANDED TRANSMISSION LINE
METAMATERIALS WITHOUT EXCESS RESONATORS

From the previousdiscussion, it becomes clear that the condi-
tion for obtaining anegative refractive index in the transmission
line model of Fig. 1 is satisfied when the series branch is ca-
pacitive and the shunt branch is inductive. Indeed, thisimplies
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Fig. 3. Unit cell of a transmission line loaded with a series capacitor and a
shunt inductor.

the propagation of backward waveswith negative phase vel ocity
and positive group velocity. Thusin Fig. 1 it is not necessary
to include the parallel (SRR) resonator in the series branch, a
single series capacitor suffices. Implementing this idea based
on printed transmission-line networks, compact, fully planar,
broadband negative refractive index media have been proposed
[7], [8]. Fig. 3 shows the unit cell of such aresonator-free L-C
loaded transmission line medium. If Z, is the characteristic
impedance of the unloaded line and the length of the transmis-
sion line segment d per unit cell is assumed to be very small
compared to the wavel ength, the propagation constant for kd <
1 and 8d < 1 can be approximated as

~J / ' _ 1 —_ —1
pEwy L"C"\/ <1 w?(Lshdwg) <1 w?L;wsd))

(7
where I and C! are the distributed inductance and capacitance
per unit length of the underlying (unloaded) transmission line.
The various cut-off frequencies can be defined in terms of the
transmission line parameters as follows:

_ 1
B 4m Lsth ’

1
27/ L sh Co
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where L, = L{d and C, = C!d are the unit cell inductance
and capacitance of the transmission line. Evidently, these se-
ries-C/shunt- L loaded transmission line structures offer great
flexibility in tailoring the negative refractive index frequency
bandwidth by varying the loading elements, for fixed d. On the
other hand, the bandwidth may be made arbitrarily large by de-
creasing the periodicity d. Such flexibility is lagging from the
SRR/wire media which operate around (above) the resonance
of the SRRs and the negative refractive index bandwidth is re-
stricted by the fractional area occupied by the SRR and charac-
terized by the parameter 0 < F' < 1.

It is worth mentioning that the structure of Fig. 3 is well
known and has been studied extensively in the context of 1-D
backward-wave propagation [10]. However, what is striking
here is that 2-D versions of such periodically loaded trans-
mission line media lend themselves as practical left-handed
media that are capable of demonstrating reversed refraction
and focusing when interfaced with conventiona right-handed
media such as a parallel-plate waveguide [ 7],[10].

V. CONCLUSION

We have proposed a transmission line equivalent circuit
model to analyze the propagation characteristics of left-handed
SRR/wire metamaterias. In this context, such media exhibit a
negative refractive index when the series branch of the equiva-
lent transmission line model is capacitive and the shunt branch
is inductive. Therefore, it becomes clear that one can directly
implement left-handed media using L—C' loaded transmission
lines without the need for a SRR resonator. For example, the
negative refractive index condition can be satisfied by loading
a host transmission line network with series capacitors and
shunt inductors. The left-handed transmission line media thus
synthesized can offer large operating bandwidths and naturally
lend themselves for completely planar implementations which
is desirable for RF/microwave devices and circuits.
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